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Exercise 1. Legendre equation
(a) Let K be a field with characteristic different from 2. Let

E:y* =2+ az® +br +c= (v —e)(x — ea)(x — e3).

Consider the following change of coordinates

r — €
w g
(e2 —e1)
Y
(62 _ 61)3/2
and set . .
P S
(e2 —e1)

Prove that A # 0,1 and that the equation for E in the new coordinates is
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(b) For each o€S5 express
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in terms of \.

(c) Put the Legendre equation y* = x(x — 1)(x — \) into Weierstrass form and use this to show
that the j-invariant s
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(d) Show that if j # 0,1728 then there are sixz distinct values of A giving this j, and that if X\ is
one such value then the full set is
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(e) Show that if j = 1728 then A = —1,2,1/2, and if j = 0 then X is a root of t* —t +1 = 0.




